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WEIGHTED PLURICOMPLEX ENERGY
SLIMANE BENELKOURCHI
Abstract. We study the complex Monge-Ampe`re operator on the classes
of finite pluricomplex energy Eχ(Ω) in the general case (χ(0) = 0 i.e. the
total Monge-Ampe`re mass may be infinite). We establish an interpreta-
tion of these classes in terms of the speed of decrease of the capacity of
sublevel sets and give a complete description of the range of the operator
(ddc·)n on the classes Eχ(Ω).
1. Introduction
Let Ω ⊂ Cn be a bounded hyperconvex domain, i.e. a connected, bounded
open such that there exists a negative plurisubharmonic ρ such that {z ∈
Ω; ρ(z) < −c} ⋐ Ω, ∀c > 0. Such a function ρ is called an exhaustion
function. We let PSH(Ω) denote the cone of plurisubharmonic functions
(psh for short) on Ω and PSH−(Ω) denote the subclass of negative functions.
In two seminal papers [12], [13], U.Cegrell has introduced and studied the
complex Monge-Ampe`re operator (ddc·)n on special classes of unbounded
plurisubharmonic functions in Ω, called Energy classes. In [6], a formalism
developed in [19], was used to give a unified treatment of all these classes
in the case of finite total Monge-Ampe`re mass. Here, we continue our study
in a more general context. Given an increasing function χ : R− → R−, we
consider the set Eχ(Ω) of plurisubharmonic functions of finite χ-weighted
Monge-Ampe`re energy. These are the functions u ∈ PSH(Ω) such that
there exists a decreasing sequence uj ∈ E0(Ω) with limit u and
sup
j∈N
∫
Ω
(−χ) ◦ uj(dd
cuj)
n < +∞,
where E0(Ω) is the cone of all bounded plurisubharmonic functions ϕ defined
on the domain Ω with finite total Monge-Ampe`re mass and limz→ζ ϕ(z) = 0,
for every ζ ∈ ∂Ω. When χ(t) = −(−t)p (resp. χ(t) = −1− (−t)p), Eχ(Ω) is
the class Ep(Ω) (resp. Fp(Ω) ) studied by U.Cegrell in [12].
The classes Eχ(Ω) have very different properties, depending on whether
χ(0) = 0 or χ(0) 6= 0, χ(−∞) = −∞ or χ(−∞) 6= −∞, χ is convex or
concave. If the function χ is convex, or concave, then the class Eχ(Ω) is
subset of a natural family of psh functions introduced by U. Cegrell in [14]
(cf section 4). In particular, we have
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Proposition A. Let χ : R− → R− be a convex, or concave, increasing
function such that χ(−∞) = −∞ and χ(0) = 0. Then
Eχ(Ω) ⊂ N
a(Ω).
In particular the Monge-Ampe`re measure (ddcu)n of a function u ∈ Eχ(Ω)
is well defined and does not charge pluripolar sets. More precisely,
Eχ(Ω) =
{
u ∈ N (Ω) /χ ◦ u ∈ L1((ddcu)n)
}
.
Many properties follow from an interpretation of these classes in terms of
speed of decrease of the capacity of sublevel sets:
Proposition B. If χ is an increasing convex function, then we have
Eχ(Ω) =
{
ϕ ∈ PSH−(Ω) /
∫ +∞
0
tnχ′(−t)CapΩ({ϕ < −t})dt < +∞
}
.
Here CapΩ(·) denotes the Monge-Ampe`re capacity introduced by E. Bedford
and B.A. Taylor [3]. This yields in particular several properties: the classes
Eχ(Ω) are convex, stable under taking the maximum.
In section 5, we study the range of the complex Monge-Ampe`re operator
on the classes Eχ(Ω) in the case when the function χ is convex. Given a
positive Borel measure µ on Ω, we have:
Theorem C. Let χ : R− → R− be an increasing convex function such that
χ(−∞) = −∞. Then there exists a unique function ϕ ∈ Eχ(Ω) such that
µ = (ddcϕ)n if and only if there exists a constant C > 0 such that∫
Ω
−χ ◦ udµ ≤ C2max
(
1,
(∫
Ω
−χ ◦ u (ddcu)n
) 1
n
)
, ∀ u ∈ E0(Ω).
The proof of this theorem remains valid when χ(t) = −(−t)p for p > 0,
which yields a simple proof of the main theorem in [12].
In section 6, using results from [16] and [23], we prove that, for almost
all weights χ, the functions of the classes Eχ(Ω) admit global subextension
with logarithmic growth and local subextension with finite χ-energy.
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2. The class F(Ω)
In this section we give some properties of the U.Cegrell class F(Ω). The
main tool will be the capacity estimate of the sublevel sets of psh functions.
The Monge-Ampe`re capacity has been introduced and studied by E.Bedford
and A.Taylor in [3]. Given K ⊂ Ω a Borel subset, its Monge-Ampe`re capac-
ity relatively to Ω is defined by
CapΩ(K) := sup
{∫
K
(ddcu)n; u ∈ PSH(Ω), −1 ≤ u ≤ 0
}
.
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Let recall some U.Cegrell’s classes. The class E(Ω) is the set of plurisubhar-
monic functions u such that for all z0 ∈ Ω, there exists a neighborhood Vz0
of z0 and uj ∈ E0(Ω) a decreasing sequence which converges towards u in
Vz0 and satisfies supj
∫
Ω(dd
cuj)
n < +∞. U.Cegrell has shown [13] that the
operator (ddc·)n is well defined on E(Ω) and continuous under decreasing
limits. The class E(Ω) is stable under taking maximum and it is the largest
class with these properties (Theorem 4.5 in [13]). The class E(Ω) has been
further characterized by Z.Blocki [8], [9].
The class F(Ω) is the “global version” of E(Ω): a function u belongs to
F(Ω) iff there exists a decreasing sequence uj ∈ E0(Ω) converging towards
u in all of Ω, which satisfies supj
∫
Ω(dd
cuj)
n < +∞.
The class Fa(Ω) is the set of functions u ∈ F(Ω) whose Monge-Ampe`re
measure (ddcu)n is absolutely continuous with respect to capacity i.e. it does
not charge pluripolar sets. Similarly, Ea(Ω) is the set of functions u ∈ E(Ω)
whose Monge-Ampe`re measure (ddcu)n vanishes on pluripolar sets.
Lemma 2.1. Fix ϕ ∈ F(Ω). Then for all s > 0 and t > 0,
(2.1) tnCapΩ(ϕ < −s− t) ≤
∫
(ϕ<−s)
(ddcϕ)n ≤ snCapΩ(ϕ < −s).
Therefore u ∈ F(Ω) if and only if lim sups→0 s
nCapΩ(u < −s) < +∞. In
particular, if u ∈ F(Ω) then∫
Ω
(ddcu)n = lim
s→0
snCapΩ(u < −s)
and ∫
(u=−∞)
(ddcu)n = lim
s→+∞
snCapΩ(u < −s).
Note that the complex Monge-Ampe`re measure of a psh function u on Ω
does not charge pluripolar sets if and only if it puts no mass on (u = −∞)
(cf. [7]). Thus u ∈ Fa(Ω) if and only if lims→+∞ s
nCapΩ(u < −s) = 0.
The right hand inequality in (2.1) has proved by S.Kolodziej [22] when ϕ is
bounded (see also [5] and [18] for the compact setting). For the convenience
of the reader we give here a simple proof which uses the same idea.
Proof. Fix s, t > 0. Let K ⊂ {ϕ < −s− t} be a compact subset. Then
CapΩ(K) =
∫
Ω
(ddcu∗K)
n =
∫
{ϕ<−s−t}
(ddcu∗K)
n
=
∫
{ϕ<−s+tu∗
K
}
(ddcu∗K)
n =
1
tn
∫
{ϕ<v}
(ddcv)n ,
where u∗K is the relative extremal function of the compact K and v :=
−s+ tu∗K . It follows from [7] that
1
tn
∫
{ϕ<v}
(ddcv)n =
1
tn
∫
{ϕ<max(ϕ,v)}
(ddcmax(ϕ, v))n ≤
1
tn
∫
{ϕ<max(ϕ,v)}
(ddcϕ)n =
1
tn
∫
{ϕ<−s+tuK}
(ddcϕ))n ≤
1
tn
∫
{ϕ<−s}
(ddcϕ))n .
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Taking the supremum over all K’s yields the first inequality. For the right
hand inequality, we have∫
{ϕ≤−s}
(ddcϕ))n =
∫
Ω
(ddcϕ))n −
∫
ϕ>−s
(ddcϕ))n
=
∫
Ω
(ddcmax(ϕ,−s))n −
∫
ϕ>−s
(ddcmax(ϕ,−s))n
=
∫
ϕ≤−s
(ddcmax(ϕ,−s))n ≤ snCapΩ{ϕ ≤ −s}.

It is known (see [12], [13]) that the class F(Ω) has many properties.
Namely it is a convex cone, stable under maximum: if u ∈ F(Ω) and v ∈
PSH−(Ω) then max(u, v) ∈ F(Ω) and if u ∈ F(Ω) then lim supu→∂Ω u(z) =
0. The subclass Fa(Ω) satisfies the same properties. All these properties
can be deduced easily from Lemma 2.1 using just some basic properties of
the Monge-Ampe`re capacity.
The following corollary generalizes some result in [17].
Corollary 2.2. Fix u ∈ F(Ω), and Let h :]−∞, 0]→]−∞, 0] be an increas-
ing function such that h(0) = 0 and h ◦ u is psh. Then h ◦ u ∈ F(Ω) if and
only if h′(0−) <∞. Furthermore h ◦ u ∈ Fa(Ω) if and only if u ∈ Fa(Ω) or
h′(−∞) = 0. Moreover we have∫
Ω
(ddch ◦ u)n = (h′(0−))n
∫
Ω
(ddcu)n.∫
(h◦u=−∞)
(ddch ◦ u)n = (h′(−∞))n
∫
(u=−∞)
(ddcu)n.
Here h′(0−) = lims→0− h(s)/s and h
′(−∞) = lims→+∞
h(−s)
s .
U.Cegrell observed in [14] that if u ∈ F(Ω) then −(−u)1/n 6∈ F(Ω). The
corollary above state that −(−u)α 6∈ F(Ω),∀α < 1.
We end up this section by extending some result in [24].
Corollary 2.3. Let Ω1 and Ω2 be two hyperconvex domains in C
n and Cp
respectively. Suppose u1 ∈ F(Ω1) and u2 ∈ F(Ω2), then max(u1, u2) ∈
F(Ω1 × Ω2) and∫
Ω1×Ω2
(ddcmax(u1, u2))
n+p =
∫
Ω1
(ddcu1)
n
∫
Ω2
(ddcu2)
p,
∫
(u1=−∞)×(u2=−∞)
(ddcmax(u1, u2))
n+p =
∫
(u1=−∞)
(ddcu1)
n
∫
(u2=−∞)
(ddcu2)
p.
Moreover, (ddcmax(u1, u2))
n+p vanishes on the pluripolar subsets of Ω1×
Ω2 if and only if (dd
cu1)
n (or (ddcu2)
n ) vanishes on the pluripolar subsets
of Ω1 (resp. of Ω2).
Proof. Observe that
{(z, w) ∈ Ω1 × Ω2;max(u1(z), u2(w)) ≤ −s} =
{z ∈ Ω1;u1(z) ≤ −s} × {w ∈ Ω2;u2(w) ≤ −s}.
WEIGHTED PLURICOMPLEX ENERGY 5
Then it follows from [10] that
sn+pcapΩ1×Ω2({(z, w) ∈ Ω1 ×Ω2;max(u1(z), u2(w) ≤ −s}) =
sncapΩ1({z ∈ Ω1;u1(z) ≤ −s})s
pcapΩ−2({w ∈ Ω2;u2(w) ≤ −s}.
Hence the desired results follow by Lemma 2.1. 
3. Capacity of sublevel set
It’s well known that if u ∈ PSH−(Ω) is any psh function then for every
compact K ⋐ Ω there is a constant C > 0 such that
CapΩ({u < −s} ∩K) ≤
C
s
, ∀ s > 0.
But if u ∈ E(Ω), the capacity of sublevel set decreases at least like s−n, i.e.
for every compact K ⋐ Ω there is a constant C > 0 such that
CapΩ({u < −s} ∩K) ≤
C
sn
, ∀ s > 0.
In fact this is a necessary condition (cf Lemma 2.1) but not sufficient to get
u ∈ E(Ω). Indeed, let B ⊂ Cn, n ≥ 2, the unit ball, we consider the psh
function u(z) = −(− log |z1|)
1
n . It’s clear that it satisfies the last condition
but u /∈ E(Ω), cf [13], [15].
In this section, we show that if the capacity of sublevel set of a psh
function u decreases fast enough then its complex Monge-Ampe`re (ddcu)n
is well defined.
Denote by Pn(Ω) the space of all negative psh function u ∈ PSH
−(Ω)
such that ∫ ∞
0
sn−1CapΩ({u < −s} ∩K)ds <∞,
for every compact K ⋐ Ω.
Bedford has introduced the following class (see [2]). Let θ : R → R
be a decreasing function such that t→ −(−tθ(−t))1/n is an increasing and
convex function on ]−∞, 0] and
(3.1)
∫ +∞
1
θ(t)
t
dt < +∞.
Define B(Ω) to be the class of negative function u ∈ PSH−(Ω) such that
for any z0 ∈ Ω there exist a neighborhood ω of z0, a negative psh function ψ
and a decreasing function θ satisfying (3.1) such that −(−ψθ(−ψ))1/n ≤ u
on ω.
Proposition 3.1. For any hyperconvex domain Ω ⋐ Cn, we have B(Ω) ⊂
Pn(Ω). In particular, for any negative psh function v on Ω and any 0 < α <
1/n, −(−v)α ∈ Pn(Ω).
Proof. It follows from the definition of B(Ω) that, for any ω ⋐ Ω and s > 0
(3.2) {u < −s}∩ω ⊂ {−(−ψθ(−ψ))1/n < −s}∩ω = {−ψθ(−ψ) > sn}∩ω.
Let κ be a function such that κ
′
= θ and κ(0) = 0. The function κ is concave.
Hence
κ(t) ≥ tθ(t), ∀t > 0,
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which together with (3.2) yield∫ ∞
0
sn−1CapΩ({u ≤ −s} ∩ ω)ds ≤
∫ ∞
0
sn−1CapΩ({κ(−ψ) ≥ s
n} ∩ ω)ds
≤ C1 +
∫ ∞
1
sn−1CapΩ({ψ ≤ −κ
−1(sn)} ∩ ω)ds ≤
C1 +C2
∫ ∞
1
sn−1
1
κ−1(sn)
ds = C1 + C2
∫ ∞
1
θ(t)
t
dt <∞,
which completes the proof. 
More generally, let us consider an increasing function h : R− → R−.
Then we have:
Proposition 3.2. Suppose that h satisfies
(3.3)
∫ +∞ (−h(−s))n−1h′(−s)
s
ds < +∞.
Then for any psh function u ∈ PSH−(Ω) such that h ◦ u ∈ PSH(Ω) we
have h ◦ u ∈ Pn(Ω). Moreover, if h is convex, then h ◦ PSH
−(Ω) ⊂ Pn(Ω).
The following lemma (cf [16]) will be useful later on.
Lemma 3.3. For any psh function u ∈ E(Ω), we have
(3.4)
∫
B
(ddcu)n ≤ (‖ u ‖B)
nCapΩ(B),
provided that ‖ u ‖B= supB |u| <∞.
Proof. Denote M = supB |u| <∞, and fix ε > 0. Since B ⊂ {u > −M − ε},
it follows from [7]∫
B
(ddcu)n =
∫
B
(ddcmax(u,−M − ε))n < (M + ε)nCapΩ(B).
Letting ε→ 0 yields the desired estimate. 
Here we will show that the complex Monge-Ampe`re operator is well de-
fined in the space Pn(Ω) and puts no mass on pluripolar sets.
Theorem 3.4. For every hyperconvex domain Ω ⋐ Cn, we have
Pn(Ω) ⊂ E
a(Ω).
Conversely, if u ∈ E(Ω) then there exists an increasing convex function
χ : R− → R− such that∫ ∞
0
sn−1χ
′
(−s)CapΩ({z ∈ K ; u(z) ≤ −s} )ds <∞,
for all compact K ⋐ Ω.
Proof. The last statement is an immediate consequence of Corollary 4.4 in
[7]. To prove the first one, fix u ∈ Pn(Ω). It follows from [13] that there
exists a decreasing sequence uj ∈ E0(Ω) such that limj uj = u. Let B ⋐ Ω
be a ball and consider, for j ≥ 1, the function u˜j defined by
(3.5) u˜j(z) := sup{v(z); v ∈ PSH
−(Ω) and v ≤ uj in B} z ∈ Ω.
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It’s clear that u˜j decreases to uB defined by
uB(z) = sup{v(z); v ∈ PSH
−(Ω) and v ≤ u in B} ∀z ∈ Ω.
So, it’s enough to prove that
sup
j
∫
Ω
(ddcu˜j)
n <∞.
In fact, this a simple consequence of some precise estimate of the Monge-
Ampe`re mass in terms of capacity of sublevel set which can be stated as
follows. There exists a constant C = C(n) depending only in n such that
(3.6)
∫
K
(ddcϕ)n ≤ C
∫ +∞
0
sn−1CapΩ(K ∩ {ϕ ≤ −s})ds,
for any negative bounded psh function ϕ and any Borel subset K ⋐ Ω.
Indeed, it follows from Lemma 3.3
∫
K
(ddcϕ)n =
k=+∞∑
k=−∞
∫
K∩{2k−1≤−ϕ<2k}
(ddcϕ)n
≤
k=+∞∑
k=−∞
2−knCapΩ(K ∩ {2
k−1 ≤ −ϕ < 2k})
≤ C
k=+∞∑
k=−∞
∫ 2k
2k−1
nsn−1CapΩ(K ∩ {−ϕ ≥ s})
≤ C
∫ ∞
0
sn−1CapΩ(K ∩ {ϕ ≤ −s})ds
≤ C
∫ ∞
0
sn−1CapΩ(K ∩ {ϕ ≤ −s})ds.
Now, we apply the estimate (3.6) to u˜j , to get∫
Ω
(ddcu˜j)
n =
∫
B
(ddcu˜j)
n ≤ C
∫ ∞
0
sn−1CapΩ(K ∩ {u ≤ −s})ds <∞.
Which prove that uB ∈ F(Ω) and therefore u ∈ E(Ω). Since the Monge-
Ampe`re capacity CapΩ(·) vanishes on pluripolar sets, it follows that uB ∈
Fa(Ω) and then u ∈ Ea(Ω). 
Corollary 3.5. For any hyperconvex domain Ω ⋐ Cn, we have B(Ω) ⊂
Ea(Ω), i.e. for any function u ∈ B(Ω), the complex Monge-Ampe`re measure
(ddcu)n is well defined and puts no mass on the pluripolar sets.
If h : R− → R− is an increasing convex function satisfying the condition
(3.3), then h ◦ PSH−(Ω) ⊂ Ea(Ω).
In particular, for any 0 < α < 1/n, the psh function −(−u)α ∈ Ea(Ω).
A similar result of the second statement, with a deferent proof, has been
obtained recently by Z.Blocki in [11]. The author wishes to thank to the
anonymous referee for sending him the recent paper [11].
The first statement has been also proved in [15] and [16].
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4. The weighted energy class
Definition 4.1. Let χ : R− → R− be an increasing function. We let Eχ(Ω)
denote the set of all functions u ∈ PSH(Ω) for which there exists a sequence
uj ∈ E0(Ω) decreasing to u in Ω and satisfying
sup
j∈N
∫
Ω
(−χ) ◦ uj (dd
cuj)
n <∞.
This definition clearly contains the classes of U.Cegrell:
• Eχ(Ω) = F(Ω) if χ is bounded and χ(0) 6= 0;
• Eχ(Ω) = E
p(Ω) if χ(t) = −(−t)p;
• Eχ(Ω) = F
p(Ω) if χ(t) = −1− (−t)p.
Let us stress that the classes Eχ(Ω) are very different whether χ(0) 6= 0
(finite total Monge-Ampe`re mass) or χ(0) = 0, χ(−∞) = −∞ or χ(−∞) 6=
−∞, and χ is convex or concave.
The case χ(0) 6= 0 was studied in [7], here we consider the general case
χ(0) = 0.
It is useful in practice to understand these classes through the speed of
decreasing of the capacity of sublevel sets.
Definition 4.2.
Eˆχ(Ω) :=
{
ϕ ∈ PSH−(Ω) /
∫ +∞
0
tnχ′(−t)CapΩ({ϕ < −t})dt < +∞
}
.
The classes Eχ(Ω) and Eˆχ(Ω) are closely related:
Proposition 4.3. The classes Eˆχ(Ω) are convex and if ϕ ∈ Eˆχ(Ω) and
ψ ∈ PSH−(Ω), then max(ϕ,ψ) ∈ Eˆχ(Ω).
One always has Eˆχ(Ω) ⊂ Eχ(Ω), while
Eχ(Ω) ⊂ Eˆχˆ(Ω), where χˆ(t) = χ(t/2).
Proof. Cf Proposition 4.2. in [7]. 
Corollary 4.4. Let χ : R− → R− be an increasing function. If u ∈ Eχ(Ω)
then lim supz→ζ u(z) = 0, ∀ζ ∈ ∂Ω.
Proof. In fact, we prove the following claim which has its self interest.
If a subset E ⊂ Ω has a “big contact” with the boundary ∂Ω of Ω, then
its Monge-Ampe`re Capacity is infinite. For instance, if E = B ∩ Ω, where
B is a ball centered at some point in ∂Ω.
Indeed, let Kj be an increasing sequence of regular compact subsets such
that E = ∪Kj. The extremal function uKj ∈ E0(Ω) and decreases to the
extremal function uE . It’s clear that uE 6∈ F(Ω). Thus
sup
j
CapΩ(Kj) = sup
j
∫
Ω
(ddcuKj )
n = +∞.
Therefore CapΩ(E) = +∞.
Now, we prove the corollary. Assume that there exists a ζ0 ∈ ∂Ω, such
that lim supz→ζ0 u(z) = ¡.0. This yields that there exists a small ball centered
at ζ0 such that B ∩ Ω ⊂ {u < δ/2}. Then, it follows from the claim that
CapΩ{u < −s} = +∞, ∀s ≤ −/.2,
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which contradicts the fact u ∈ Eχ(Ω) ⊂ Eˆχˆ(Ω). 
Theorem 4.5. Let χ : R− → R− be a convex, or concave, increasing func-
tion such that χ(−∞) = −∞ and χ(0) = 0. Then
Eχ(Ω) ⊂ E
a(Ω).
Moreover, if u ∈ E(Ω) and v ∈ Eχ(Ω) are such that (dd
cv)n ≤ (ddcu)n, then
u ≤ v.
Proof. Fix u ∈ Eχ(Ω), denote uj a defining sequence such that
sup
j
∫
Ω
−χ(uj)(dd
cuj)
n < +∞.
1)◦ If χ is convex: It clear that
sup
j
∫
Ω
−χ(u1)(dd
cuj)
n ≤ sup
j
∫
Ω
−χ(uj)(dd
cuj)
n < +∞.
So it follows from [14] that u ∈ E(Ω).
2)◦ If χ is concave: It follows from the concavity assumption that
−χ(−j) = χ(0)− χ(−j) ≤ jχ
′
(−j).
Then for any compact K ⋐ Ω,∫ +∞
0
tn−1CapΩ({ϕ < −t} ∩K)dt ≤
C1 +C2
∫ +∞
0
tnχ′(−t)CapΩ({ϕ < −t})dt < +∞.
Therefore, from Theorem 3.4, we deduce u ∈ E(Ω).
Now we prove the second statement. In fact we will adapt the same idea
as in the proof of Theorem 6.2 in [12] for the case Ep(Ω). Fix ρ ∈ E0(Ω), not
identically 0. We assume that −1 ≤ ρ < 0.
First, we assume that χ is convex. Then for any j ≥ 1, we have
(ddcmax(v, jρ))n = 1{v>jρ}(dd
cv)n + 1{v≤jρ}(dd
cmax(v, jρ))n,
where 1A is the characteristic function for the set A. By [20] there exist
gj ∈ E0 such that (dd
cgj)
n = 1{v≤jρ}(dd
cmax(v, jρ))n. Thus (ddc(u+gj))
n ≥
(ddcmax(v, jρ))n. It follows from the comparison principle for bounded psh
functions (see for example [3], [13]) that u+ gj ≤ max(v, jρ))
n. Hence
u+ lim sup
j→∞
gj ≤ v = lim
j→∞
max(v, jρ).
Now it’s enough to prove that lim supj→∞ gj = 0 a.e. Denote wm :=
(supk≥m gk)
∗, we prove that
∫
Ω−χ(wm)(dd
cwm)
n = 0, and this implies that
wm = 0, a.e. Let j ≥ m. By integration by part, we have∫
Ω
−χ(wm)(dd
cwm)
n ≤
∫
Ω
−χ(mρ)(ddcwj)
n ≤
∫
Ω
−χ(mρ)(ddcgj)
n
≤ sup
z∈Ω
−χ(mρ(z))
−χ(jρ(z))
∫
Ω
−χ(jρ)χ{v≤jρ}(dd
cmax(v, jρ))n
≤ sup
z∈Ω
−χ(mρ(z))
−χ(jρ(z))
sup
j≥m
∫
Ω
−χ((max(v, jρ))(ddc max(v, jρ))n < +∞.
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We claim that
lim
j→∞
sup
z∈Ω
−χ(mρ(z))
−χ(jρ(z))
= 0.
Indeed, for z ∈ Ω, put s = ρ(z). Assume, on the contrary, that
(4.1) lim sup
j→∞
sup
−1≤s≤0
−χ(ms)
−χ(js)
> δ > 0.
Then there exists a sequence sj converging towards 0 such that
−χ(msj)
−χ(jsj)
>
δ > 0. Since msj → 0, as j → ∞, it follows that jsj → 0, as j → ∞. Since
χ is convex, we have
−χ(msj)
−χ(jsj)
∼
msj
jsj
=
m
j
→ 0, as j → +∞,
which contradicts (4.1). Therefore,the claim is proved. Hence lim supj→∞ gj =
0. a.e.
Now, if χ is concave. We modify slightly the above proof. Indeed, since
χ is concave, the function χ−1(jρ) ∈ E0(Ω) for any j > 0. Then
(ddcmax(v, χ−1(jρ)))n
= 1{v>χ−1(jρ)}(dd
cv)n + 1{v≤χ−1(jρ)}(dd
cmax(v, χ−1(jρ)))n.
We consider the function gj ∈ E0(Ω) satisfying
(ddcgj)
n = 1{v≤χ−1(jρ)}(dd
cmax(v, χ−1(jρ)))n.
Then we repeat the same arguments as above. 
Note that if u ∈ Eχ(Ω) is such that
∫
Ω(dd
cu)n < +∞ then u ∈ F(Ω).
Therefore, by Lemma 2.1, the total mass
∫
Ω(dd
cu)n depends only on the
behavior of u near ∂Ω. Now, if
∫
Ω(dd
cu)n = +∞ then
∫
Ω(dd
cmax(u,−s))n =
+∞, ∀s > 0, and since
∫
(u=−s)(dd
cmax(u,−s))n < +∞ (cf Lemma 3.3) it
follows that
∫
(u>−s)(dd
cu)n = +∞ and
∫
(u≤−s)(dd
cu)n < +∞, ∀s > 0.
Lemma 4.6. If u ∈ Eχ(Ω) then there exists a decreasing sequence uj ∈ E0(Ω)
with lim uj = u and
lim
j→∞
∫
Ω
(−χ) ◦ uj(dd
cuj)
n =
∫
Ω
(−χ) ◦ u(ddcu)n < +∞.
This result was proved by U.Cegrell (cf [12]) for the classes Ep(Ω). The
same proof still valid in the general context. For the convenience of the
reader we give here the proof.
Proof. It follows from [20] that there exists, for each j ∈ N, a function uj ∈
E0(Ω) such that (dd
cuj)
n = 1{u>jρ}(dd
cu)n, where ρ ∈ E0(Ω) any defining
function for Ω = {ρ < 0}. Observe that (ddcu)n ≥ (ddcuj+1)
n ≥ (ddcuj)
n.
We infer from the comparison principle that (uj) is a decreasing sequence
and limj uj = u. The monotone convergence theorem thus yields∫
Ω
(−χ) ◦ uj(dd
cuj)
n
=
∫
Ω
(−χ) ◦ uj1{u>jρ}(dd
cu)n →
∫
Ω
(−χ) ◦ u(ddcu)n < +∞.
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
The following capacity estimates of sublevel sets will be useful later on.
Proposition 4.7. Let χ : R− → R− be an increasing convex, or concave,
function such that χ(−∞) = −∞ and χ(0) = 0. Then
CapΩ({ϕ < −2s}) ≤
1
|snχ(−s)|
∫
(ϕ<−s)
−χ(ϕ)(ddcϕ)n,
for any s > 0 and any function ϕ ∈ Eχ(Ω).
Proof. Follows from Lemma 2.1 by approximating ϕ by ϕj ∈ E0(Ω) given by
the lemma above. 
Proposition 4.8. Let χ : R− → R− be an increasing convex, or concave,
function such that χ(−∞) = −∞ and χ(0) = 0. Then there exists a constant
C = C(χ) such that
CapΩ({ϕ < −s}) ≤
C
sn
∫
Ω
−χ(
ϕ
s
)(ddcϕ)n, ∀s > 0,∀ϕ ∈ Eχ(Ω).
Proof. First we give the proof in the case n = 2. Let K ⋐ {ϕ < −s}
be a compact subset, uK denotes its relative extremal function. Choose
χ1 : R
− → R− to be an increasing function such that χ
′′
1 = χ and χ1(0) = 0.
Then
(4.2) ddcχ1(ϕ) = χ
′′
1(ϕ)dϕ ∧ d
cϕ+ χ
′
1(ϕ)dd
cϕ ≤ χ
′
1(ϕ)dd
cϕ,
and
(4.3) − ddcχ
′
1(ϕ) = −χ
′′′
1 (ϕ)dϕ ∧ d
cϕ− χ
′′
1(ϕ)dd
cϕ ≤ −χ(ϕ)ddcϕ.
It follows from [13] that there exists a decreasing sequence ϕj ∈ E0(Ω)∩C(Ω¯)
such that ϕj ց ϕ. Then integrating by part together with the previous
inequalities yield∫
K
(ddcuK)
n ≤
∫
K
−χ1(ϕ/s)
−χ1(−1)
(ddcuK)
n = lim
j
∫
K
−χ1(ϕj/s)
−χ1(−1)
(ddcuK)
n
= lim
j
1
−χ1(−1)
∫
Ω
−uKdd
c−χ1(ϕj/s) ∧ (dd
cuK)
n−1
≤ lim
j
C
s
∫
Ω
−uKχ
′
1(ϕj/s)dd
cϕj ∧ (dd
cuK)
n−1
≤ lim
j
C
s
∫
Ω
χ
′
1(ϕj/s)dd
cϕj ∧ (dd
cuK)
n−1
≤ lim
j
C
s
∫
Ω
uKdd
cχ
′
1(ϕj/s) ∧ dd
cϕj ∧ (dd
cuK)
n−2
≤ lim
j
C
s2
∫
Ω
−χ
′′
1(ϕj/s)(dd
cϕj)
2 ∧ (ddcuK)
n−2
=
C
s2
∫
Ω
−χ
′′
1(ϕ/s)(dd
cϕ)2 ∧ (ddcuK)
n−2.
For the general case, we use the same arguments. Indeed, we consider an
increasing function χ1 : R
− → R− such that χ
(n)
1 = χ and χ1(0) = 0. Then,
the repeated application of inequalities (4.2), (4.3) and the integration by
part yields the desired estimate. 
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Hereafter, we will see that in fact, the classes Eχ(Ω) live in some natural set
of psh functions introduced by U.Cegrell in [14]. Let us recall its definition.
Let Ωj ⋐ Ω be an increasing sequence of strictly pseudoconvex domains such
that Ω = ∪jΩj. Let u ∈ E(Ω) be given and put
uΩj := sup {ϕ ∈ PSH(Ω); ϕ ≤ u on Ω \ Ωj} .
Then the sequence uΩj ∈ E(Ω) is increasing, so u˜ := (limj uΩj )
∗ ∈ E(Ω).
The definition of u˜ is independent of the choice of the sequence Ωj and is
maximal i.e. (ddcu˜)n = 0. u˜ is the smallest maximal psh function above u.
Define N (Ω) := {u ∈ E(Ω); u˜ = 0}. In fact, this class is the analogous of
potentials for subharmonic functions. Also, denote N a(Ω) = Ea(Ω)∩N (Ω).
Proposition 4.9. Let χ : R− → R− be a convex, or concave, increasing
function such that χ(−∞) = −∞ and χ(0) = 0. Then
Eχ(Ω) ⊂ N
a(Ω).
In particular the Monge-Ampe`re measure (ddcu)n of a function u ∈ Eχ(Ω)
is well defined and does not charge pluripolar sets. More precisely,
Eχ(Ω) =
{
u ∈ N (Ω) /χ ◦ u ∈ L1((ddcu)n)
}
.
Proof. Fix u ∈ Eχ(Ω) and uj ∈ E0(Ω) a defining sequence such that
sup
j
∫
Ω
−χ(uj)(dd
cuj)
n < +∞.
It follows from the upper semi-continuity of u that −χ(u)(ddcu)n is bounded
from above by any cluster point of the bounded sequence −χ(uj)(dd
cuj)
n.
Therefore
∫
Ω(−χ) ◦ u(dd
cu)n < +∞, in particular (ddcu)n does not charge
the set {χ(u) = −∞}, which coincides with {u = −∞}, since χ(−∞) =
−∞. It follows from Theorem 2.1 in [7], (ddcu)n does not charge pluripolar
sets. Now it remains to prove that u ∈ N (Ω) ie. the smallest maximal
function above u is null. Let u˜ be a such function. Then u ≤ u˜ ≤ 0, thus
u˜ ∈ Eˆχˆ(Ω) ⊂ Eχˆ(Ω). It follows from Lemma 4.6 that there exists a decreasing
sequence u˜j ∈ E0(Ω) with lim u˜j = u˜ and
lim
j→∞
∫
Ω
(−χ) ◦ u˜j(dd
cu˜j)
n =
∫
Ω
(−χ) ◦ u˜(ddcu˜)n < +∞.
Hence Lemma 2.1 implies that
∫ +∞
0 t
nχ′(−t/4)CapΩ({u˜ < −t})dt = 0, this
yields that u˜ = 0.
To prove the last assertion, it remains to show the reverse inclusion
Eχ(Ω) ⊃
{
u ∈ N (Ω) /χ ◦ u ∈ L1((ddcu)n)
}
.
This is an immediate consequence of Lemma 4.6. 
Note that, unlike the case χ(0) 6= 0 with the class F(Ω) (cf [7]), we have⋂
χ(0)=0
χ(−∞)=−∞
Eχ(Ω)  N (Ω) ∩ L
∞(Ω), and
⋃
χ(0)=0,
χ(−∞)=−∞
Eχ(Ω)  N
a(Ω).
One can see [14] for examples of functions in the class N a(Ω)∩L∞(Ω) which
do not belong to any Eχ(Ω).
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Let χ : R− → R− be an increasing function. We say that χ is admissible
if and only if χ is convex or concave and if there exists a constant M > 0
such that
(4.4) χ
′
(−2s) ≤Mχ
′
(−s), ∀s > 0.
Observe that any homogenous function χ(t) = −(−t)p p ≥ 1, is admissible.
Anther example of admissible function which is not homogenous (cf [19]) is
χ(t) = −(−t)p(log(−t+ e))α, p ≥ 1 and α > 0.
Proposition 4.10. If χ is an increasing admissible function, then we have
Eχ(Ω) =
{
ϕ ∈ PSH−(Ω) /
∫ +∞
0
tnχ′(−t)CapΩ({ϕ < −t})dt < +∞
}
.
Proof. Follows easily from Lemma 2.1 and (4.4). 
Theorem 4.11. Let χ : R− → R− be an admissible increasing function such
that χ(−∞) = −∞ and χ(0) = 0. Fix u ∈ Eχ(Ω) and set u
j = max(u,−j).
Then for each Borel subset B ⊂ Ω,
lim
j→∞
∫
B
(ddcuj)n =
∫
B
(ddcu)n,
and ∫
B
χ(uj)(ddcuj)n →
∫
B
χ(u)(ddcu)n.
Furthermore, if uj is any decreasing sequence in Eχ(Ω) converging to u,
Then
lim
j
∫
Ω
χ(uj)(dd
cuj)
n =
∫
Ω
χ(u)(ddcu)n.
The first statement, as we will see in the proof, still valid for all weight χ.
Proof. Let B ⊂ Ω be a Borel subset. If
∫
B(dd
cu)n = +∞ then for any
j > 0,
∫
B(dd
cuj)n = +∞. So we assume that
∫
B(dd
cu)n < +∞. It follows
from Lemma 3.3 and Proposition 4.7∣∣∣∣
∫
B
(ddcuj)n −
∫
B
(ddcu)n
∣∣∣∣ ≤
∫
{u≤−j}
(ddcuj)n +
∫
{u≤−j}
(ddcu)n
≤ jnCapΩ({u < −j}) +
∫
(u<−j)
−χ(u)
−χ(−j)
(ddcu)n
≤
2n+1
−χ(−j/2)
∫
(u<−j/2)
−χ(u)(ddcu)n,→ 0, as j → +∞.
The proof that χ ◦ uj(ddcuj)n converges strongly towards χ ◦ u(ddcu)n goes
along similar lines, first observe that from Lemma 3.3, we have∫
{u≤−j}
−χ ◦ uj(ddcuj)n = −χ(−j)
∫
{u≤−j}
(ddcuj)n(4.5)
≤ −χ(−j)jnCapΩ({u < −j}).(4.6)
Since χ is an admissible function, it follows that there exists a constant
C > 1 such that
−χ(−2s) ≤ −Cχ(−s), ∀s > 0
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This yields
(4.7)
lim
j→∞
−χ(−j)jnCapΩ({u < −j}) ≤ lim
j→∞
−Cχ(−j/2)jnCapΩ({u < −j})
≤ lim
j→∞
−2n+1Cχ(−j)jnCapΩ({u < −2j})
≤ lim
j→∞
2n+1C
∫
{u≤−j}
−χ(u)(ddcu)n = 0.
Then (4.6)and (4.7) together with Proposition 4.7 imply that
lim
j→+∞
∫
{u≤−j}
−χ ◦ uj(ddcuj)n = 0.
Hence the proof of the second statement is completed.
Now, once the first and second assertions are proved, we apply the same
proof as that of Theorem 3.4 in [7] to show the last statement. 
We conclude this section with a characterization of bounded function in
the classes Eχ(Ω), extending Y. Xing’s main result in [25].
Proposition 4.12. Let u ∈ Eχ(Ω). Then u is bounded in the domain Ω if
and only if there exist constants A > 0 and B such that for any real k < B
with CapΩ(u < k) 6= 0 we can find an increasing sequence k ≤ k1 < k2 <
· · · < ks = B with k1 < k + 1 and
s∑
j=2
( ∫
(u<kj)
(ddcu)n
CapΩ(u < kj−1)
)1/n
< A.
Proof. The necessary implication is obvious. To show the sufficient one,
assume on the contrary that u is unbounded. Then CapΩ(u < k) 6= 0 for all
k < 0. It follows from Lemma 2.1
B − 1− k ≤
s∑
j=2
kj − kj−1 ≤
s∑
j=2
( ∫
(u<kj)
(ddcu)n
CapΩ(u < kj−1)
)1/n
< A.
Hence B − 1 − k ≤ A for all k < B, which is impossible. The proof is
complete. 
5. The range of the complex Monge-Ampe`re operator
The image of the complex Monge-Ampe`re operator acting on the classes
Ep(Ω), has been extensively studied by U.Cegrell. The main result of his
study, achieved in [12], is given as follows. Given a positive measure µ, then
there exists a unique function ϕ ∈ Ep(Ω) such that µ = (dd
cϕ)n if and only
if there exists a constant C > 0 such that
(5.1)
∫
Ω
(−u)pdµ ≤ C
(∫
Ω
(−u)p(ddcu)n
) p
n+p
, ∀u ∈ E0(Ω).
Observe that this necessary and sufficient condition is equivalent to the fol-
lowing: The operator u→
∫
Ω(−u)
pdµ is uniformly bounded on the compact
“pseudo-ball” E˜p(Ω) := {u ∈ Ep(Ω);
∫
Ω(−u)
p(ddcu)n ≤ 1}. The following
theorem extends U.Cegrell’s main result [12].
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Theorem 5.1. Let χ : R− → R− be an increasing convex function such
that χ(−∞) = −∞. The following conditions are equivalent:
(1) there exists a unique function ϕ ∈ Eχ(Ω) such that µ = (dd
cϕ)n;
(2) there exists a constant C1 > 0 such that
(5.2)
∫
Ω
−χ ◦ udµ ≤ C1, ∀ u ∈ E˜0(Ω),
(3) there exists a constant C2 > 0 such that
(5.3)
∫
Ω
−χ ◦ udµ ≤ C2max
(
1,
(∫
Ω
−χ ◦ u (ddcu)n
) 1
n
)
, ∀ u ∈ E0(Ω).
Here E˜0(Ω) := {u ∈ E0(Ω);
∫
Ω−χ ◦ u(dd
cu)n ≤ 1}.
Proof. We prove that (1)⇒ (2)⇒ (3)⇒ (1).
We start with (3)⇒ (1). It follows from [7] (see also Proposition 4.10) that
the class Eχ(Ω) characterizes pluripolar sets. Then the assumption (5.3) on
µ implies in particular that it vanishes on pluripolar sets. It follows from
[13] that there exists a function u ∈ E0(Ω) and f ∈ L
1
loc
(
(ddcu)n
)
such that
µ = f(ddcu)n.
Consider µj := min(f, j)(dd
cu)n. This is a finite measure which is bounded
from above by the complex Monge-Ampe`re measure of a bounded function.
It follows therefore from [20] that there exist ϕj ∈ E0(Ω) such that
(ddcϕj)
n = min(f, j)(ddcu)n.
The comparison principle shows that ϕj is a decreasing sequence. Set ϕ =
limj→∞ ϕj . It follows from (5.3) that∫
Ω
−χ(ϕj)(dd
cϕj)
n ≤ C2max
(
1,
(∫
Ω
−χ(ϕj)(dd
cϕj)
n
)1/n)
.
Hence
sup
j
∫
Ω
−χ(ϕj)(dd
cϕj)
n ≤ C
n/n−1
2 <∞.
So it follows from Proposition 4.10 that
sup
j
∫ +∞
0
tnχ′(−t)CapΩ({ϕj < −t})dt < +∞,
which implies that∫ +∞
0
tnχ′(−t)CapΩ({ϕ < −t})dt < +∞.
Then ϕ 6≡ −∞ and therefore ϕ ∈ Eχ(Ω).
We conclude now by continuity of the complex Monge-Ampe`re operator
along decreasing sequences that (ddcϕ)n = µ. The unicity of ϕ follows from
the comparison principle (Theorem 4.5).
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Now, we prove (2)⇒ (3). Let ψ ∈ E0(Ω), denote Eχ(ψ) :=
∫
Ω−χ(ψ)(dd
cψ)n.
If ψ ∈ E˜0(Ω), i.e. Eχ(ψ) ≤ 1 then∫
Ω
−χ(ψ)dµ ≤ C1.
If Eχ(ψ) > 1. The function ψ˜ defined by
ψ˜ :=
ψ
Eχ(ψ)1/n
∈ E˜0(Ω).
Indeed, from the monotonicity of χ, we have∫
Ω
−χ(
ψ
Eχ(ψ)1/n
)(ddc
ψ
Eχ(ψ)1/n
)n ≤
1
Eχ(ψ)
∫
Ω
−χ(ψ)(ddcψ)n = 1.
It follows from (5.2) and the convexity of χ∫
Ω
−χ(ψ)dµ ≤ Eχ(ψ)
1/n
∫
Ω
−χ(
ψ
Eχ(ψ)1/n
)dµ ≤ C1.Eχ(ψ)
1/n.
Hence we get (3) with C2 = max(1, C1).
For the proof of the remaining implication (1) ⇒ (2), we use the same
idea as in [19]. Let u ∈ E˜0(Ω) and ϕ ∈ Eχ(Ω). Observe that for any s > 0,
we have
(u < −s) ⊂ (u < ϕ−
s
2
) ∪ (ϕ < −
s
2
).
Hence
(5.4)
∫
Ω
−χ ◦ u(ddcϕ)n =
∫ ∞
0
−χ′(−s)
∫
(u<−s)
(ddcϕ)nds
≤
∫ ∞
0
χ′(−s)
∫
(u<ϕ− s
2
)
(ddcϕ)nds+
∫ ∞
0
χ′(−s)
∫
(ϕ<− s
2
)
(ddcϕ)nds
≤ 2
∫ ∞
0
χ′(−2s)
∫
(u<ϕ−s)
(ddcϕ)nds+ 2
∫ ∞
0
χ′(−2s)
∫
(ϕ<−s)
(ddcϕ)nds.
The convexity of χ yields that
(5.5) χ′(−2s) ≤Mχ′(−s), ∀s > 0.
It follows by the comparison principle that, for all s > 0
(5.6)
∫
(u<ϕ−s)
(ddcϕ)n ≤
∫
(u<ϕ−s)
(ddcu)n ≤
∫
(u<−s)
(ddcu)n.
Together (5.4), (5.5) and (5.6) imply that there exists a constant C inde-
pendent of u such that
∫
Ω−χ ◦ u(dd
cϕ)n ≤ C, ∀u ∈ E˜0(Ω). 
Note that if χ is homogenous, i.e. χ(t) = −(−t)p with p > 0, then the
above theorem still valid, but we replace the assertion (3) by the following
(3
′
) there exists a constant C
′
2 > 0 such that
(5.7)
∫
Ω
−χ ◦ udµ ≤ C
′
2max
(
1,
(∫
Ω
−χ ◦ u(ddcu)n
) p
n+p
)
, ∀ u ∈ E0(Ω),
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which, thanks to the homogeneity, is equivalent to (5.1). In particular, this
generalizes the U.Cegrell’s main theorem in [12]for p ≥ 1 and in [1] for
0 < p ≤ 1.
6. Subextension in the class Eχ
Here we will show that functions in the classes Eχ(Ω) admit subextension.
We need to recall the usual Lelong class of psh functions. Let γ > 0 be a
positive real. Then
Lγ(C
n) :=
{
ϕ ∈ PSH(Cn); lim sup
r→+∞
max||z||=r ϕ(z)
log r
≤ γ
}
.
Proposition 6.1. Let χ : R− → R− be an increasing function such that
χ(−∞) = −∞ and ∫ +∞ 1
s|χ(−s)|1/n
ds < +∞.
Then for any function ϕ ∈ Eχ(Ω) and any ε > 0, there exists a function
Uε ∈ Lε(C
n) such that Uε ≤ ϕ on Ω.
Proof. Define the function h(s) := CapΩ({u < −s}). It follows from the
proof of Theorem 4.11 that
CapΩ({u < −s}) ≤
2n
sn|χ(−s/2)|
∫
{u≤−s/2}
−χ(u)(ddcu)n.
Then∫ ∞
h(s)1/nds ≤ 2
(∫
Ω
−χ(u)(ddcu)n
) 1
n
∫ ∞ 1
s|χ(−s/2)|1/n
ds < +∞.
Hence the assertion follows from Theorem 4.1 in [16]. 
Theorem 6.2. Let Ω ⊂ Ω˜ ⊂ Cn be hyperconvex domains. Let χ : R− → R−
be an increasing function such that χ(−∞) = −∞. If u ∈ Eχ(Ω), then there
exists u˜ ∈ Eχ(Ω˜) such that u˜ ≤ u on Ω, (dd
cu˜)n ≤ (ddcu)n on Ω and
Eχ(u˜) ≤ Eχ(u).
Proof. With slightly different notations, the proof is identical to that in the
case Ep(Ω). We refer the reader to [23] for details. 
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